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[2]. , $\tilde{f},$ $\omega,$ $\gamma$ $\rho$ $z$ .
$0$ , Einstein . , $f$ $\omega$
$\tilde{f}(\tilde{f}_{\rho\rho}+\frac{1}{p}\tilde{f}_{\rho}+\tilde{f}_{zz})-\tilde{f}_{\rho}^{2}-\tilde{f}_{z}^{2}+(\tilde{f}^{2}\omega_{\rho}/\rho)^{2}+(\tilde{f}^{2}\omega_{z}/\rho)^{2}=0$, (2a)
$(\tilde{f}^{2}\omega_{\rho}/\rho)_{\rho}+(\tilde{f}^{2}\omega_{z}/\rho)_{z}=0$ , (2b)
. (2) $2\cross 2$ $G$ ;
$G=$ ( $-\tilde{f}\omega^{2}\tilde{f}+\omega p^{2}/f$), $(\det G=-\rho^{2})$ (3)




$\psi_{\rho}=\tilde{f}^{2}\omega_{z}/\rho$ , $\psi_{z}=-\tilde{f}^{2}\omega_{\rho}/p$ , (5)
. (2) \omega , 1 $\psi$
$\tilde{f}(\tilde{f}_{\rho\rho}+\frac{1}{p}\tilde{f}_{\rho}+\tilde{f}_{zz})-\tilde{f}_{\rho}^{2}-\tilde{f}_{z}^{2}+\psi_{\rho}^{2}+\psi_{z}^{2}=0$ , (6a)
$\tilde{f}(\psi_{\rho\rho}+\frac{1}{\rho}\psi_{\rho}+\psi_{zz})-2\tilde{f}_{\rho}\psi_{\rho}-2\tilde{f}_{z}\psi_{z}=0$, (6b)
. (6) $2\cross 2$ $P$ ;
$P= \frac{1}{\tilde{f}}$ ( $\psi 1$ $\tilde{f}^{2}+\psi^{2}\psi$ ), $(\det P=1)$ (7)
$(\rho P_{\rho}P^{-1})_{\rho}+(pP_{z}P^{-1})_{z}=0$ , (8)
. (6) Einstein
, .
(6) . Nakamura[3] $B\ddot{a}$cklund
, (6) 2 .
$f= \frac{\rho^{n-1}A^{(n)}}{A^{(n-1)}}$ , $\psi=\frac{i\rho^{n-1}\tilde{A}^{(n+1)}}{A^{(n-1)}}$ , $(n=1,2,3, \cdots)$ (9)
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$f= \frac{A^{(n-1)}}{\rho^{n-2}A^{(n)}}$ $\psi=\frac{i\tilde{A}^{(n)}}{\rho^{n-2}A^{(n)}}$ , $(n=1,2,3, \cdots)$ (10)
. $A^{(n)}$ $\tilde{A}^{(n)}$ , $n\cross n$ $(n-1)\cross(n-1)$










, $A^{(0)}=\tilde{A}^{(1)}=1$ . , $\tilde{A}^{(n)}$
$A^{(n)}$ 1 $n$ . $A^{(n)}$ $\tilde{A}^{(n)}$ $u_{m}$
.
$( \partial_{\rho}+\frac{m-1}{\rho})u_{m}=-\partial_{z}u_{m-1}$ , $(n=1,2,3, \cdots)$ (13a)
$( \partial_{\rho}-\frac{m}{p})u_{m-1}=\partial_{z}u_{m}$ . $(n=1,2,3, \cdots)$ (13b)
, (13) $u_{m-1}$
$( \partial_{\rho}^{2}-\frac{1}{\rho}\partial_{\rho}+\partial_{z}^{2}-\frac{m^{2}-1}{p^{2}})u_{m}=0$ , (14)
, , (13) Besssl $J_{m}(x)$
$u_{m}=\rho J_{m}(k\rho)e^{-kz}$ , (15)
. $k$ (15) (13)




, $A^{(n)}$ $\tilde{A}^{(n)}$ bilinear form .




$D_{\rho}A^{(n)} \cdot\tilde{A}^{(n)}-iD_{z}A^{(n-1)}\cdot\tilde{A}^{(n+1)}=-\frac{n-2}{\rho}A^{(n)}\tilde{A}^{(n)}$ . (17)
(16), (17) $\tilde{A}^{(n)}$ $\tilde{A}^{(n+1)}$ $A^{(n)}$ $A^{(n-1)}$ bilinear form,
$[D_{\rho}^{2}+ \frac{2n-3}{\rho}D_{\rho}+D_{z}^{2}+\frac{1}{\rho^{2}}]A^{(n)}\cdot A^{(n-1)}=0$, (18)
. , (16), (17) $A^{(n)}$ $\tilde{A}^{(n+1)}$ $\tilde{A}^{(n)}$ $A^{(n-1)}$
$\tau$- bilinear form,
$[D_{\rho}^{2}+ \frac{1}{\rho}D_{\rho}+D_{z}^{2}-\frac{(n-1)(n-3)}{\rho^{2}}]\tilde{A}^{(n)}\cdot A^{(n-1)}=0$, (19)
.
\S 3. Soliton
, (6) (9), (10)
, . , (9), (10)
. ,
, Neugebauer 2N-soliton .
, (6) Neugebauer 2N-soliton
$f= \frac{G_{2N}G_{2N}^{*}-F_{2N}F_{2^{*}N}}{(F_{2N}+G_{2N})(F_{2^{*}N}+G_{2N}^{*})}$ , (20a)
$\psi=\frac{i(F_{2N}G_{2N}^{*}-F_{2^{*}N}G_{2N})}{(F_{2N}+G_{2N})(F_{2^{*}N}+G_{2N}^{*})}$ , (20b)
[5]. $N$ $G_{2N}$ $2N\cross 2N$
$F_{2N}=|\begin{array}{llll}1 1 \cdots 1K_{1} K_{2} \cdots K_{2N}S_{1} S_{2} \cdots S_{2N}K_{1}^{2} K_{2}^{2} \cdots K_{2N}^{2}| | \vdots K_{1}^{N-2}S_{1} K_{2}^{N-2}S_{2} \cdots \vdots K_{1}^{N} K_{2}^{N} \cdots K_{2N,K_{2N}^{N}}^{N-2}S_{2N}\end{array}|$ (21)
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$G_{2N}=|\begin{array}{lll}S_{1} S_{2} S_{2N}1 1 1K_{1}S_{1} \Lambda_{2}^{\nearrow}S_{2} S_{2N}K_{2N}K_{1} K_{2} K_{2N}| \vdots |K_{1,K_{1}^{N-1}}^{N-1}S_{1} K_{2,K_{2}^{N-1}}^{N-1}S_{2} K_{2N_{2N},K^{N-1}}^{N-1}S_{2N}\end{array}|$ , (22)
$\ovalbox{\tt\small REJECT}=\sqrt{\rho^{2}+(z-K_{j)^{2}}}e^{i\delta_{j}}$ , $(j=1,2, \cdots, 2N)$ (23)
, $K_{j},$ $\delta_{j}$ . 2N-soliton (20) (21), (22)
$N$ $G_{2N}$ , $F_{2N},$ $G_{2N}$ bilinear
form , .
, (21), (22) , ,
(11), (12) 2N-soliton (20) .
2-soliton .
$u_{0}=\rho/S_{1}^{*}-\rho/S_{2}^{*}$ , (24)
, (13) $u_{1},$ $u_{2},$ $u_{3}$ . $A^{(1)},$ $A^{(2)},$ $A^{(3)},\tilde{A}^{(3)}$
$A^{(1)}/ \rho=\frac{-1}{S_{1}^{*}S_{2}^{*}(K_{2}-K_{1})}F_{2}G_{2}^{*}$ , (25)
$A^{(2)}= \frac{-1}{S_{1}^{*}S_{2}^{*}}(G_{2}G_{2}^{*}-F_{2}F_{2}^{*})$ , (26)
$\rho A^{(3)}=\frac{4(K_{2}-K_{1})}{S_{1}^{*}S_{2}^{*}}F_{2}^{*}G_{2}$ , (27)
$\tilde{A}^{(3)}=\frac{-1}{S_{1}^{*}S_{2}^{*}}(F_{2}F_{2}^{*}+G_{2}G_{2}^{*})$ , (28)
. $F_{2}$ $G_{2}$






$\rho^{N_{0}}A^{(2N)}=\frac{-1}{S_{1}^{*}S_{2}^{*}\cdots S_{2N}^{*}}(G_{2N}G_{2N}^{*}-F_{2N}F_{2N}^{*})$ , (31)
$p^{N_{0}+2N-1}A^{(2N+1)}= \frac{4a}{S_{1}^{*}S_{2}^{*}\cdots S_{2N}^{*}}F_{2N}^{*}G_{2N}$ , (32)
$\rho^{N_{0}}\tilde{A}^{(2N+1)}=\frac{-1}{S_{1}^{*}S_{2}^{*}\cdots S_{2N}^{*}}(F_{2N}F_{2N}^{*}+G_{2N}G_{2N}^{*})$, (33)
. $N_{0}=2N^{2}-2N$ $a$ . $A^{(n)},\tilde{A}^{(n+1)}$ $u_{m}$
$u_{0}=b \sum_{j=1}^{2N}\frac{\rho C_{j}}{S_{j^{*}}}$ , (34)
$C_{j}=(-1)^{J+1}$ $\prod$ $(K_{l}-K_{m})$ , (35)
$1\leq l<m\leq 2N$
$(l,m\neq j)$
(13) . $b$ . (30)-(33) $N$
, 4-soliton 6-soliton
, “REDUCE3.3” . 4-soliton
$a,$
$b$
$a=2(ih_{4})^{\frac{1}{2}}$ , $b= \frac{1}{2}(-ih_{4})^{\frac{-1}{2}}$ (36a)
$h_{4}= \prod_{1\leq l<m\leq 4}(K_{l}-K_{m})$
, (36b)
, 6-soliton
$a=-4(h_{6})^{\frac{1}{3}}$ , $b= \frac{1}{4}(h_{6})^{\frac{-2}{3}}$ (37a)





Einstein (6) (9), (10)




$=\ovalbox{\tt\small REJECT}|\begin{array}{ll}iu_{1} u_{0}i^{2}u_{2} iu_{1}\end{array}|4a|_{iu^{0_{1}}}^{ui_{u}}$ (38a)
$\psi=$ $\frac{i(F_{2}G_{2}^{*}-F_{2^{*}}G_{2})}{(F_{2}+G_{2})(F_{2^{*}}+G_{2}^{*})}$
$i[ \frac{\rho}{4a}|\begin{array}{lll}u_{0} iu_{1} i^{2}u_{2}iu_{1} u_{0} iu_{1}i^{2}u_{2} iu_{1} u_{0}\end{array}|+au_{0}/ \rho]$
$=$ (38b)
$|\begin{array}{ll}iu_{1} u_{0}i^{2}u_{2} iu_{1}\end{array}|-1|\begin{array}{lll}u_{0} iu_{1} \text{ ^{}2}u_{2}iu_{1} u_{0} iu_{1}i^{2}u_{2} iu_{1} u_{0}\end{array}|+au_{0}/\rho$
’
. (38) $u_{m}$ , (24) (13)
. , (13) (38) Einstein
(6) . $n$
$f= \frac{A^{(n)}}{\tilde{A}^{(n+1)}-\frac{1}{4a}\rho^{n-1}A^{(n+1)}+a\rho^{1-n}A^{(n-1)}}$ , (39a)
$\psi=\frac{i[\frac{1}{4a}\rho^{n-1}A^{(n+1)}+ap^{1-n}A^{(n-1)}]}{\tilde{A}^{(n+1)}-\frac{1}{4a}p^{n-1}A^{(n+1)}+a\rho^{1-n}A^{(n-1)}}$, (39b)
. $A^{(n)}$ $\tilde{A}^{arrow)}$ (11), (12) . (39) (6)
, . (6) (39)
$3\vee\supset$ bilinear form
$[D_{\rho}^{2}+ \frac{1}{\rho}D_{\rho}+D_{z}^{2}](\rho^{n_{0}-n+1}A^{(n-1)})\cdot(\rho^{n_{0}}A^{(n)})=0$, (40a)






. Bilinear form (40) , (18), (19) , (39)
(6) .
$A^{(n)},\tilde{A}^{(n)}$ (39) , (9), (10)
. $u_{m}$ Neugebauer 2N-soliton .
(39) ,
.
\S 5. $TomimatSu-Sato$ $\$ Soliton bilinear form
, Tomimatsu-Sato(T-S) Soliton bilinear
form . T-S Ernst .
(6)
$\xi=\frac{1-\tilde{f}-i\psi}{1+\tilde{f}+i\psi}$ , (42)
$\rho=K(x^{2}-1)^{\frac{1}{2}}(1-y^{2})^{\frac{1}{2}}$ , $z=Kxy+\zeta$ , ( $K$ $\zeta$ ) (43)
$(\xi\xi^{*}-1)\nabla^{2}\xi-2\xi^{*}(\nabla\xi\cdot\nabla\xi)=0$ , (44)
.
$\nabla^{2}=\frac{1}{x^{2}-y^{2}}[\frac{\partial}{\partial x}(x^{2}-1)\frac{\partial}{\partial x}+\frac{\partial}{\partial y}(1-y^{2})\frac{\partial}{\partial y}]$ , (45a)
$\nabla A\cdot\nabla B=\frac{1}{x^{2}-y^{2}}[(x^{2}-1)\frac{\partial A}{\partial x}\frac{\partial B}{\partial x}+(1-y^{2})\frac{\partial A}{\partial y}\frac{\partial B}{\partial y}]$, (45b)
. (44) , Ernst [2]. (44) T-S $x$
$y$ . 2
$\xi=f_{n}/9n$ ’ $(n=1,2,3, \cdots)$ (46)




. $p$ $q$ $p^{2}+q^{2}=1$ . Nakamura Ohta[6] Ernst
, (44) bilinear form
.
$[(x^{2}-1)D_{x}^{2}+2x\partial_{x}+(y^{2}-1)D_{y}^{2}+2y\partial_{y}+c](g_{n}^{*}\cdot g_{n}+f_{n}^{*}\cdot f_{n})=0$ , (49)
$[(x^{2}-1)D_{x}^{2}+2x\partial_{x}+(y^{2}-1)D_{y}^{2}+2y\partial_{y}+c]g_{n}^{*}\cdot f_{n}=0$ , (50)
$D_{x}(g_{n}\cdot f_{n}-g_{n}^{*}\cdot f_{n}^{*})=0$, (51)
$D_{y}(g_{n}\cdot f_{n}+g_{n}^{*}\cdot f_{n^{*}})=0$ . (52)
$C=-2n^{2}$ . REDUCE3.3 , (49)-(52) T-S
bilinear form . ( )
(44) T-S , “ ”Tomimatsu-Sato




- $2i\alpha(x^{2}+y^{2}-2x^{2}y^{2})-2i\beta xy(x^{2}+y^{2}-2)+(\alpha^{2}-\beta^{2})(x^{2}-y^{2})^{2}$ , (53b)
. , $\alpha$ $\beta$ . $\alpha=\beta=0$ , (53a) (53b)
(48a) (48b) . T-S (53) (44) ,
bilinear form (49)$-(52)$ , .
bilinear form (A. $1$ )$-(A.11)$ \phi , .
, T-S (53) T-S bilinear form
. T-S (53) bilinear form .
, 2N-soliton bilinear
form . bilinear form (40) (30)$-(33)$ 2N-soliton
bilinear form
$[D_{\rho}^{2}+ \frac{1}{\rho}D_{\rho}+D_{z}^{2}](F_{2N}^{*}G_{2N})\cdot(F_{2N}F_{2N}^{*}-G_{2N}G_{2N}^{*})=0$ , (54a)
$[D_{\rho}^{2}+ \frac{1}{\rho}D_{\rho}+D_{Z}^{2}](F_{2N}G_{2N}^{*})\cdot$ ( $F_{2N}F_{2N}^{*}$ $G_{2N}G_{2N}^{*}$ ) $=0$ , (54b)
$[D_{\rho}^{2}+ \frac{1}{\rho}D_{\rho}+D_{z}^{2}](F_{2N}F_{2N}^{*}+G_{2N}G_{2N}^{*})\cdot(F_{2N}F_{2N}^{*}-G_{2N}G_{2N}^{*})=0$ . (54c)
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. 2N-soliton $(\rho, z)$ $(x, y)$








, Einstein (6) (39)
. , Neugebauer
2N-soliton , . , Neugebauer 2N-soliton
(30)-(33) .
, Tomimatsu-Sato V bihhnear form ( ) ,
Tomimatsu-Sato bilinear form (55)
.
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(Tomimatsu-Sato bilinear form)
, REDUCE3.3 T-S bilinear form
.
$[(x^{2}-1)D_{x}^{2}+2x\partial_{x}-(y^{2}-1)D_{y}^{2}+c](g_{n}\cdot f_{n}+g_{n}^{*}\cdot f_{n}^{*})=0$ , (A 1)
$[(y^{2}-1)D_{y}^{2}+2y\partial_{y}-(x^{2}-1)D_{x}^{2}+c](g_{n}\cdot f_{n}-g_{n}^{*}\cdot f_{n}^{*})=0$ , (A 2)
$[yD_{y}^{2}+\partial_{y}+xD_{x}D_{y}](g_{n}\cdot f_{n}+g_{n}^{*}\cdot f_{n}^{*})=0$, (A 3)
$[xD_{x}^{2}+\partial_{x}+yD_{x}D_{y}](g_{n}\cdot f_{n}-g_{n}^{*}\cdot f_{n}^{*})=0$, (A.4)
$[xD_{x}+yD_{y}](g_{n}\cdot g_{n}^{*}-f_{n}\cdot f_{n}^{*})=0$ , (A.5)
$[xD_{x}^{2}+\partial_{x}](g_{n}\cdot g_{n}^{*}-f_{n}\cdot f_{n}^{*})=0$ , (A 6)
$[yD_{y}^{2}+\partial_{y}](g_{n}\cdot g_{n}^{*}-f_{n}\cdot f_{n}^{*})=0$ , (A.7)
$[D_{x}^{2}+x\partial_{x}+D_{y}^{2}+y\partial_{y}+c](g_{n}\cdot g_{n}^{*}-f_{n}\cdot f_{n}^{*})=0$, (A 8)
$D_{x}D_{y}g_{n}\cdot g_{n}^{*}=0$ , (A.9)
$D_{x}D_{y}f_{n}\cdot f_{n}^{*}=0$ , (A.10)
$D_{x}D_{y}g_{n}\cdot f_{n}^{*}=0$ . (A.11)
$c=-2n^{2}$ . , $(A.9)-(A.11)$ .
